The exploitation of the mean-reversion of commodity prices is important for inventory management, in ‡ation forecasting and contingent claim pricing. Bessembinder, Coughenour, Seguin and Smoller (1995) document the mean-reversion of commodity spot prices using futures term structure data; however, mean-reversion to a constant level is rejected in nearly all studies using historical spot price time series. This indicates that the spot prices revert to a stochastic long-run mean. By recognizing this, I propose a reduced-form model with the stochastic long-run mean as a separate factor. This model …ts the futures dynamics better than do classical models such as the Gibson-Schwartz (1990) model and the Casassus-CollinDufresne (2005) model with a constant interest rate. An application for option pricing is also presented in this paper.
Introduction
Finding mean-reversion in commodity spot prices has important practical implications. For instance, having returns associated with mean-reversion implies that return variances do not increase linearly with time. Casassus and Collin-Dufresne (CC 2005) show that if commodity prices revert to a constant mean, the prices of options on commodity futures will be signi…cantly smaller than in the random walk case. In addition, the failure to identify the mean-reversion of commodity prices may in ‡uence values of real options, such as valuations of mines and inventories. 1 Moreover, the mean-reversion of spot prices will also impact monetary and …scal policy, as expected commodity prices highly in ‡uence households'expectations regarding in ‡ation and hence also in ‡uence consumption levels. 2 However, the question of whether commodity prices revert to a constant mean is still under debate.
Bessembinder, Coughenour, Seguin, and Smoller (BCSS 1995) argue in favor of mean-reversion in commodity spot prices. Speci…cally, the authors discover a negative relationship between the (log) slope of a commodity futures term structure and the corresponding commodity spot price, which shows that the log-spot price is mean-reverting in the risk-neutral measure. 3 Note the BCSS test does not require the log-spot price to revert to a constant mean. Moreover, BCSS also discover a negative relationship between the risk premium of a spot price and the (log) spot price, which is also con…rmed by empirical …ndings in this paper using oil and copper futures data.
Some contingent claim pricing papers on commodity futures employ a mean-reverting process to a constant level to model the (log) spot commodity prices; among them are the one-factor model in Schwartz (1997) , Geman and Nguyen (2005) and CC (2005) . These models can generate the negative relationship between the slope of futures'term structure and the spot price.
Statistically, if the log-spot price reverts to a constant long-run mean in the risk-neutral measure, and if the risk premium is negatively related to the log-spot price, the log of the commodity price must revert to a constant mean in the physical measure with a even stronger speed than that in the risk-neutral measure. However, this reversion to a constant mean is commonly rejected by many researchers. For example, Cuddington and Urzua (1988) , Gersovitz and Paxson (1990) The above-mentioned discrepancy implies that the commodity price reverts to a time-varying long-run mean. If the long-run mean is stochastic and non-stationary in the physical measure, all mean-reversion tests for a constant mean will reject the mean-reversion hypothesis using historical time series. Moreover, since commodity prices do revert to their stochastic long-run mean, the negative relationship should be discovered between the commodity spot price and the slope of the futures term structure as shown in BCSS. Therefore, the notion of the time-varying long-run mean is consistent with the test by BCSS and many tests based on historical commodity time series.
Economically, since we all model the nominal dollar commodity prices instead of real prices, accumulated in ‡ation, which is normally regarded as a non-stationary process, can be considered as a potential source of the stochastic long-run mean. Moreover, as commodities are usually traded globally, their fundamental values are largely related to the US dollar value, whose process is also normally regarded as a non-stationary process (Garman and Kohlhagen, 1983) . Thus, this US dollar factor is also likely to make commodity prices revert to a stochastic mean. As shown in Greenspan (2004) and Bernanke (2004) , long-term futures prices can be used to obtain the expectation of future spot prices. Figure 1 shows the evolution of nearby and long-term (22-month) oil futures contracts, where the long-term futures prices are apparently not a constant, which shows that investors do have di¤erent expectations of commodity prices over time.
To incorporate this notion into the modeling of futures prices, I build a three-factor model that includes the stochastic long-run mean, the log-spot price and convenience yield factors. The likelihood ratio and out-of-sample tests show that this model performs better than those without the stochastic long-run mean factor such as CC (2005) with a constant interest rate and GS(1990).
Additionally, this model is also a test for the existence of a stochastic long-run mean using the whole historical futures term structures as inputs; if the volatility of the stochastic long-run mean factor is very small (or zero) for a certain commodity, its prices are likely to revert to a constant long-run mean.
The remainder of this paper is organized as follows. Section 2 proposes the idea of a stochastic long-run mean. Section 3 proposes a reduced-form model for commodity futures prices and also outlines a futures pricing formula. Section 4 shows calibration methods and results using oil and copper data. Section 5 shows an option pricing application of this model, and Section 6 concludes.
Stochastic Long-run Mean of Commodity Prices
As a preliminary step, using oil and copper futures data, I repeat the test conducted by BCSS on the relation between the spot and the slope of futures term structures and con…rm a negative relationship between them. Additionally, BCSS also …nd that the risk premia associated with commodities decrease in their spot prices. 5 I redo the same risk premium-spot test and report a signi…cantly negative relationship that is consistent with BCSS (1995). I here omit the results 5 The t-statistics are not signi…cant in BCSS.
4 for briefness; the complete details can be provided on request. As mentioned in the introduction, the fact that commodity prices do not revert to a constant mean in the physical measure together with the tests in BCSS suggests a time-varying long-run mean of commodity (log) spot prices. If the long-run mean is non-stationary, all mean-reversion tests for a constant long-run mean (such as the Augmented Dickey-Fuller test) should reject the mean reversion of spot prices, as the spot price is also non-stationary. For example, suppose the log-spot price x reverts to its non-stationary long-run mean y by:
Hamilton (1994) shows that in (1) a cointegration relationship exists between the x and y factors and that both x and y factors are non-stationary.
Moreover, one substantial feature of the futures market is that it is a useful place to learn about informed opinions. Long-term futures prices can be used to obtain expectations of future becomes known, market participants will revise their projections of commodity prices accordingly.
Hence, the expectation of commodity prices is time-varying; for example, many …nancial institutions announce di¤erent forecasts of oil prices corresponding to di¤erent time horizons. I perform a simple augmented Dickey-Fuller test for the long-term futures prices, and the results cannot reject the hypothesis of non-stationary. The result is omitted for the sake of brevity; the complete details will be given based on requests.
Moreover, several "over-shooting models" predict that commodity prices tend to deviate moderately from their time-varying fundamentals and eventually readjust to meet them again. example, Frankel (1986) shows that a shift in monetary policy will cause the overshooting of commodity prices. Alquist and Kilian (2008) report that the increase in the uncertainty of the future supply of a commodity will also cause expectations to overshoot the actual commodity price.
The overshooting models predict a time-varying expectation of future commodity prices and the negative relationship between the spot price and the slope of the futures term structure.
Since only futures prices, which are "derivatives", are observable in the markets, a reducedform model is necessary to model them. In the next section, I propose a model with the feature of stochastic long-run mean of spot prices. The likelihood ratio and out-of-sample tests can examine the performance of my model relative to others; additionally, it can also test the time-varying long-run mean against a constant long-run mean.
The Model
In this paper, I propose a three-factor a¢ ne model where the log-spot price ‡uctuates around its stochastic long-run mean. Hence, I name the model the Stochastic Long-run Mean (SLM) model. De…ne x t := ln (S t ) as the log of the commodity spot price. Thus, in the risk-neutral measure, 6 the three factors governing the movement of the futures term structure are:
where W From this model, the log-spot price x t ‡uctuates around y t with mean-reversion speed a.
Consistent with the empirical facts mentioned in previous sections, I model the long-run mean y factor using a Brownian motion. The y factor is regarded as the permanent factor, as it has permanent shocks; in contrast, z is a temporary factor (a mean-reverting factor). From Hamilton (1994), both the x and y factors are non-stationary, and there exists a cointegration relationship between y t and x t with cointegration vector [1; 1] . We expect that a > 0, so the drift of x decreases in the x factor, i.e., the present deviation of the commodity prices from its long-run mean tends to decrease in the next period. This model re ‡ects that the (log) spot price x reverts to a long-run mean y and that the long-run mean factor y is non-stationary.
In the risk-neutral measure, the drift of the spot price S t has to satisfy E
where t denotes the net convenience yield of the commodity. Hence, the following relationship needs to be satis…ed
if a > 0, the convenience yield has a positive relationship with the spot price x t . Note that the convenience yields'dependence on the log-spot price is also one of the main features of CC(2005).
CC(2005) also …nds empirical support for this dependence. Since y t and x t are cointegrated, although both x t and y t are not stationary, y t x t is stationary and hence in (3) the convenience yield t is stationary. Note that both Schwartz (1997) and CC(2005) include a stochastic interest rate factor in modeling the futures term structure; however, as many scholars have pointed out (Miltersen, 2003 and Carmona and Ludkovski, 2004) , the stochastic interest rate does not play a substantial role in the modeling of futures due to its relatively small volatility, especially when the time to maturity is relatively short. Hence, although it is not di¢ cult to include an extra fourth factor-the stochastic interest rates-I do not include it in this paper for the sake of parsimony.
Assuming the risk premium := [ x ; y ; z ] > for x; y and z factors is expressed as
I expect that a < b a, which corresponds to a negative relationship between the risk premium and the spot price. For the risk premia of y and z factors, I assume that they are constants for simplicity.
In the physical measure, the three factors change to
where W Since our model belongs to the general exponential a¢ ne model as shown in Du¢ e, Pan and
Singleton (2000), de…ning := T t, the futures prices F (x; y; z; ) can be expressed analytically as
8 where 
For the speci…c derivation of (6) please refer to the appendix. Therefore the slope of the (log) futures term structure := ln (F (x t ; y t ; z t ; )) x t = e a 1 x t + B( )y t + C( )z t + D( ) does decrease in the (log) spot price, which is consistent with the BCSS(1995).
In the risk-neutral measure, the futures price follows,
The futures price in the physical measure follows
Therefore, the SLM model captures three features of commodity futures: 1) in the risk-neutral 9 measure, commodity prices are mean-reverting to a stochastic mean, 2) the risk premia of commodity prices decrease in commodity prices and 3) in the physical measure, commodity prices do not revert to a constant level.
If 
Results
In this section, I …rst show the model calibration methodology and the data. I then show the calibration results, using oil and copper as examples, and the out-of-sample tests.
Model Calibration
One of the di¢ culties in the calibration of our model is that the three factors are not directly The state-space form normally consists of a transition equation and a measurement equation.
The transition equation shows the stochastic process of the data-generating process. Thus, the transition equation in the model should be the discrete version of (5) . The measurement equation
relates the time series of multivariate observable variables to an unobservable vector of state 6 Refer to Harvey (1989) for the details of the Kalman …lter.
variables (factors x; y; z). The measurement equation is obtained using (6) with uncorrected noises taking account of the pricing errors. These errors may be caused by bid-ask spreads, the non-simultaneity of the observations, etc.
To describe the transition and measurement equations in greater detail, suppose the data are sampled in an equal interval: t n ; n = 1; :::; T . Let = t n+1 t n , be the interval between two observations and X = (X 1 ; : : : ; X T ) and Z = (Z 1 ; : : : ; Z T ) be the total latent state variables and observations (from 1 to T ). X n = [x n ; y n ; z n ] represents the vector for the state variables at time t n , and Z n = [F 1 ; : : : ; F 22 ] T represents the six observations of each time n. Therefore, the transition equation is speci…ed as
where H = Note that since the sample interval in the data is relatively short, for the sake of parsimony we here follow Schwartz (1997) and use the Euler discretization in …nding the transition equation. It is certainly feasible to obtain the exact solutions, given the a¢ ne structure of the model.
The measurement equation is obtained from the futures pricing formula,
where
where i denotes the time to maturity of contract i; ! n and " n are zero-mean random Gaussian noise vectors at time t n with their respective variance-covariance matrices and . The variances of pricing errors are denoted by 
To obtain optimal estimates of the model parameters I employ the standard estimationmaximization (EM) algorithm. The optimization is repeated using several di¤erent initial parameter values in order to avoid the risk of missing the global optimum.
The Data
The dataset consists of crude oil and copper futures contracts. Weekly data 7 are used from Jan.03 1998 to Mar.01 2006 (425 observations for each commodity), and the futures prices of WTI crude oil (CL) and high-grade copper (HG) are obtained from the NYMEX. 8 Table 1 contains the summary statistics for commodity prices and returns. The time to maturity ranges from 1 month to 22 7 Data are sampled every …ve business days. 8 Note that the oil and copper data are from the NYMEX and COMEX divisions, respectively. 
Results
Results are shown in Table 2 . Nearly all risk-neutral parameters are signi…cant, which shows that the SLM model can model the futures dynamics quite well. One observes three common conclusions for both oil and copper:
1. The parameter a is signi…cantly positive, which shows that the spot price does revert to its long-run mean in the risk-neutral measure, which is consistent with BCSS (1995).
2. b a > a for both oil and copper (refer to (4)) , which is consistent with the empirical …nding that the risk premia of spot prices depend negatively on log-spot prices. It also indicates that the speed of mean-reversion in the physical measure is stronger than it is in the riskneutral measure. The risk premium of the y factor y is 0:512 and 0:488 for oil and copper,respectively; the risk premium of the z factor is 0:412 and 1:073 for oil and copper but is highly insigni…cant. 9 Moreover, there is a signi…cant positive correlation between the x and y factors, which shows that the spot price and its long-run mean tend to move together.
For oil, Figure 2 shows the log-spot price x and the long-run mean factor y; it is clear that the x factor ‡uctuates around the y factor. The half-life of the spot price's reverting to its longrun mean y is around 8 months. After 2000, the long-term factor y does run up signi…cantly, which shows that investors do expect a permanent shift in the oil price. The convenience yield process is shown in Figure 3 . The graph is obtained by using the estimated latent state variables and then calculating the implied convenience yield. The magnitude of the convenience yield is somewhere above 40%, which is consistent with Figure 5 in CC (2005) . The large convenience yields correspond to dates with strong backwardation. Because the volatility of spot price (the x factor) 1 is about 50% higher than the volatility of the long-run mean (the y factor), Figure 2 shows the long-run mean of oil has been slowly but steadily increasing, while the log-spot price has been quite volatile. From the small pricing error F 1 to F 22 , one can see that the SLM model …ts the futures prices quite well. Figure 4 shows the log-spot price x ‡uctuates around the long-run mean factor y for copper.
The half-life of the mean reversion of the spot price to its long-run mean y is around 5 months.
The convenience yield of copper is quite signi…cant; this is shown in Figure 5 . Table 4 shows the statistics. The table shows that the SLM model performs much better than the CC and GS models in …tting futures prices, but only does a marginally better job in forecasting. underlying has a log-normal distribution. The futures price in the SLM model also follows a lognormal distribution, so the option valuation formula should be close to that proposed by Black (also refer to (7)). We denote current time as t, the futures maturity as T , the option maturity as R, the call option value on the futures contract as C(t; R), the value at time t of a zero-coupon bond with maturity at time R as B(t; R) and the strike price of the option as . Then the value of the European call under the SLM model's log-normal distribution is the Black formula with a modi…ed volatility, i.e.,
and N denotes the cumulative standard normal distribution function. v 2 is the integral of the return variance of futures from t to R , which is given by:
Note that v is the only input for calculating option prices. The value of a European put option can be calculated by put-call parity. Note that in reality, options in futures markets are normally American style. The di¤erence between the European and American options is the early exercise premium. However, the determination of the early exercise premium is beyond the scope of this paper. I refer interested readers to Barone-Adesi and Whaley (1987), where early exercise premium of American options on futures is investigated speci…cally.
To illustrate the di¤erence between the SLM, CC and GS models in pricing options, Figure 6 shows the option prices given a constant futures maturity (T t = 5 years) and di¤erent option times to maturity R t . The option values are calculated from the oil dataset mentioned in subsection 4.2 using the three models-GS, CC and SLM. They are quite di¤erent for each other.
For example, for a three-month at-the-money option with a futures price of 100, the option prices are, 6.27, 5.35, and 5.71 for the SLM, CC and GS models, respectively. Note that the option value in the CC model is less than that in the GS and SLM models because the spot price in the CC model is mean-reverting to a constant level. Figure 6 : The option price from the SLM, CC and the GS models, futures price=100, strike price=100, interest rates=0.03.
Conclusion
In this paper, I …rst discuss the mean-reversion of commodity prices, which relates to three facts: 1) in the risk-neutral measure, commodity prices are mean reverting but do not revert to a constant mean, 2) risk premia decrease in commodity prices and 3) in the physical measure, commodity prices do not revert to a constant mean. All of these facts suggest that commodity prices should revert to a time-varying long-run mean. I also propose a reduced-form model that includes the stochastic long-run mean (SLM) factor. Likelihood-ratio and out-of-sample tests show that the SLM model performs better than those not incorporating the stochastic long-run mean factor (such as the CC and GS models). In addition, for oil and copper, I …nd that the long-run mean tends to move together with spot prices, which indicates that investors do shift their forecasts of futures prices with time. As an application, the SLM model is used to price options on futures, which have di¤erent values with those in the CC and GS models.
Appendix -Futures Pricing:
The futures price should then follow the following Feyman-Kac equation We guess that the futures price F (x t ; y t ; z t ; ) := F (t; T ) follows 
